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Abstract

Background: In strength and conditioning (S&C) it is commonly believed that baseline capability
influences response to an intervention, such that in general, those with the higher baseline values
experience reduced change. Such differences are referred to as intervention differential effects (IDE)
and are important in the study of tailoring training programs in S&C. There are, however, several
conceptual and technical issues that present a challenge when investigating whether baseline capability
causes IDE. The present review provides an overview of these conceptual and technical issues,
highlighting important differences between changes within and between populations, and the role of

measurement error and subsequent regression to the mean when performing standard analyses.

Methods: The present review also includes a meta-analysis to explore more generally, whether those
with higher baseline values experience reduced change. Baseline and post-intervention standard
deviations were extracted from 421 S&C training studies including the 1RM squat (121 studies; 329
outcomes), IRM bench press (103 studies; 307 outcomes), vertical jump (312 studies; 896 outcomes),
10 m sprint time (95 studies; 194 outcomes), 20 m sprint time (97 studies; 193 outcomes), and 30 m
sprint time (58 studies; 118 outcomes). For each outcome, a Bayesian three-level hierarchical meta-
analysis model was conducted to estimate the pooled mean difference of the standard deviations.
Where results indicated that the post-intervention standard deviation was equal to, or less than the
baseline standard deviation, this was interpreted as evidence of a negative relationship between baseline
and change values. Where results indicated a greater post-intervention standard deviation, this was
judged as indeterminate due to the potential for random variation in intervention effects to increase the

post-intervention standard deviation.

Results: Moderate evidence was obtained for a reduction in standard deviation post-intervention for
the vertical jump (Differenceos = -0.07 [95%CtI: -0.16 to 0.02 cm]; p(Difference <0)= 0.933); and
strong evidence for the same with sprint time across all three distances (10 m: Differencegs = -0.007

[95%CrI: -0.012 to -0.003 s]; p(Difference <0)>0.999; 20 m: Differenceos = -0.020 [95%Crl: -0.034 to -
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0.009 s]; p(Difference <0)>0.999; 30 m: Differenceps = -0.011 [95%Crl: -0.020 to -0.002 s];
p(Difference <0)=0.992). In contrast, strong evidence was obtained for an increase in post-intervention
standard deviation for the 1RM squat (Differenceps = 0.93 [95%Crl: 0.52 to 1.34 kg]; p(Difference

<0)<0.001) and bench press (Differenceos = 0.69 [95%CrI: 0.40 to 0.98 kg]; p(Difterence <0)<0.001).

Conclusion: Collectively, the results present evidence for a negative IDE of baseline capability for
sprint and vertical jump performance, but not maximum strength. Further research that is cognisant of
the conceptual and analytical challenges in determining if baseline capability causes IDE is required,

including the contexts and populations in S&C which may alter the interactions.
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1.0 Introduction

Strength and conditioning (S&C) is frequently used in the development of a range of outcomes
important for sporting performance and the ability to carry out demanding physical tasks. Many studies
have been conducted to identify the types of interventions that best improve performance of a
population on average, across a range of outcomes and domains. As knowledge has been gained and
general principles developed, interest has grown in the study of maximising improvements through
processes such as individualisation of interventions. To achieve individualisation, the factors that tend
to influence response to an intervention must be identified and modifications then mapped to the
individual’s level. Non-random variation in response to an intervention is referred to as intervention
differential effects IDE), with an individual’s baseline capability believed to be an important cause of
IDE in S&C. It is generally posited that baseline capability is inversely related to improvements such
that those with higher baseline performances experience reduced improvements (Appleby et al, 2012;

Wetmore et al, 2020).

Despite the general belief that baseline capability causes IDE, there are several conceptual issues and
analytical technicalities that create challenges when investigating any influence. Conceptual issues
include the important difference of comparisons between and within populations, and specifics such as
intervention duration. Analytical technicalities include phenomena such as mathematical coupling and
regression to the mean that can interfere with statistical approaches frequently used in S&C, creating
bias and, in some cases, spurious results. The purpose of this review is to highlight and discuss these
conceptual issues and analytical technicalities. A more general assessment of baseline capability and
IDE in S&C is also explored using meta-analyses with a large aggregate data set extracted from S&C

interventions across a range of popular outcomes.
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1.1 Conceptual Issues

Conceptually it is important to distinguish between the relative improvements of different populations
and the relative improvements of individuals within a population that start with different capabilities.
Across different populations, the influence of baseline capability and IDE is relatively simple, and
research has consistently shown that more advanced populations experience smaller improvements than
less advanced populations. Across a twenty-one-week resistance training intervention comparing
experienced strength athletes and untrained males, Ahtiainen et al, (2003) reported increases of 20.9%
in maximum force and 5.6% in muscle cross-sectional area for the untrained group, compared with
changes of 3.9 and -1.8% for the trained group. Additionally, multiple long-term (=1 year) studies have
identified relatively small magnitude (Appleby et al, 2012) or non-significant changes (Hikkinen et al,
1987) in the strength of elite athletes clearly indicating the existence of ceiling effects. What is less
clear, however, is whether those with higher baseline values experience different magnitudes of
improvement compared to those with lower baseline values within the same population. For example,
whether the strongest individuals within an untrained population (e.g. have never performed structured
resistance exercise) will increase strength more or less than those with lower baseline values.
Additionally, it is not clear whether any IDE caused by baseline capability would be similar within
untrained, intermediate, and elite populations. Whilst often not stated explicitly in these terms, this

appears to be one of the main questions of interest for individualising S&C interventions.

Another important conceptual issue is the duration of the intervention. Most research in S&C is
conducted over a single intervention with durations between 6 and 12 weeks, and 95% of interventions
lasting less than 25 weeks (Swinton et al, 2022). The change across such short time periods is likely to
be relatively simple and constrain the form of any relationship with baseline capability. In contrast,
long-term interventions are likely to create more complex and non-linear changes (Steele et al, 2022),

such that any relationship may be different to those obtained with short interventions. Future research


https://doi.org/10.31236/osf.io/y7sk6

Doi:10.51224 /SRXIV.285 SportR yiv Preprint version 1

should be cognisant of these potential differences and seek to explore IDE and baseline capability

relationships across a range of durations employing suitable research designs and analyses.

1.2 Analytical

Previous research in S&C has generally adopted one of two different approaches to investigate baseline
capability and IDE within a population. The first is to perform the intervention and then include basic
correlation or regression analyses of change and baseline values (Appleby et al, 2012; Latella 2020). The
second is to perform the intervention and then group individuals using baseline values and a threshold,
comparing differences in mean change between the created groups (James et al, 2018; Wetmore et al,
2020). Both approaches can be severely impaired and result in spurious relationships or differences
where none exist, or bias results where there is an underlying effect. These limitations are due to

mathematical coupling and regression to the mean. In the following sections these processes are

explained with a plausible data generating model used to provide interpretable formulae.

1.2.1 Mathematical conpling

The correlation between baseline (Pre) and change (Post — Pre) values results in part from the
mathematical coupling between the two terms. Mathematical coupling occurs when one variable is part
of another (Chiolero et al, 2013) and occurs independently of measurement error. Previous discussions
of mathematical coupling and IDE often begin by highlighting the spurious relationship that occurs
when correlating baseline and change values when Pre and Post values are unrelated (see
Supplementary B1). Baseline and post-intervention values are, however, always correlated in S&C, such
that mathematical coupling does not produce spurious results, but is best understood as a process that

constrains the variances and relationships between baseline, post-intervention, and change values. To


https://doi.org/10.31236/osf.io/y7sk6

Doi:10.51224 /SRXIV.285 SportR yiv Preprint version 1

highlight these constraints, it is best to introduce a plausible data generating model that describes IDE

due to baseline values. A simple data generating model includes the following:
Post = Pre + By + B1Pre + &. eq.1

Post and Pre are the true baseline and post-intervention values without measurement error and fy is a
constant describing systematic change. Where IDE due to baseline capability exists, f; will be non-zero,
and in general —1 < f; < 0.True variation in intervention effects beyond baseline capability (e.g.
variation due to the participant, training, and external factors such as nutrition and sleep) is described
by the random error term é~N(0,v2). For the purposes of regression and correlation, we can also

express the data generating model as:

Post = B, + (1 + B;)Pre + &, eq.2
where we regress post-intervention values on baseline values and obtain an estimate of f; by
subtracting 1. Additionally, we can express the model as:

Post — Pre = [y + §;Pre + &, eq.3

where we regress change on baseline values to obtain an estimate of f;. To identify the constraints
induced by mathematical coupling (Supplementary B2), we first note that the correlation between true

baseline and post-intervention values (p) is predominantly determined by the variance ratio of baseline

values (0%) and the random intervention effect (v?):

1461

Cor(Pre, Post) = ——;. eq.4
[asp2ey

The correlation between true baseline and change values (Supplementary B2) is then given by:

Cor(Pre, Post — Pre) = plVar(Post)—Var(Pre) eq.5

\/(Var(Pre)+Var(Post)—2p1/Var(Pre)Var(Post)) ’
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Here the constraints from mathematical coupling show that as 0 < p < 1, the correlation between true
baseline and change values will always be negative if the variance of post-intervention values is equal to

or less than the variance of baseline values.

1.2.2 Regression to the mean

In the previous section it was shown that mathematical coupling imposes several constraints that
are well understood when relating baseline and change values from a simple data generating model.
Importantly, if outcomes were measured without error, simple correlation or regression could be used
to obtain appropriate parameter estimates including any IDE due to baseline capability. In many
measurements routinely used in S&C, however, large measurement errors occur, and it is these errors
that create regression to the mean and can create biased estimates and spurious results. Regression to
the mean is defined as a statistical phenomenon occurring due to errors in repeated measurements
made on the same individual that can be the cause of observed change (Barnett et al, 2005). In general,
we model measurement errors as being normally distributed around a hypothetical true value which

remains unknown, but can be considered the average of a very large number of independent trials:

pre = Pre + €; post = Post + ¢, eq.6

where lower case pre and post are the observed baseline and post-intervention values, and

measurement errors e~N(0,8%) are independent for each individual and each time point.

Measurement error is any difference between the observed and true value and comprises
instrumentation noise and biological noise. The former includes error due to the measurement
apparatus and variation in the instantiation of a test. For example, in a one-repetition maximum (1RM)
test, instrumentation noise can comprise non-calibrated barbells and weights, and the test administrator

failing to notice a participant shortening the required range of motion. Similarly, in a vertical jump test,
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instrumentation noise can comprise non-calibrated jump-mat timers, and participants extending time in
the air by flexing lower-body joints. In contrast, biological noise comprises error due to biological
processes such as circadian rhythm, nutritional intake, previous sleep, and motivation. It is important to
note that measurement error definitions and associated gaussian models are appropriate for maximum
tests such as the 1RM. That is, we conceive of an individual’s true 1RM value not as the maximum
performance that could be achieved under any permissible state (e.g. ruling out stimulants and any
other acute enhancement), but as the theoretical average of a very large number of independent trials

that will exhibit variation due to a range of instrumentation and biological factors.

The process by which measurement errors create regression to the mean is straightforward when we
consider errors to be independent. Where for example, an individual experiences a large positive error,
the subsequent measurement error is likely to be lower such that the observed difference (post — pre)
will be smaller than the true difference (Post — Pre). The opposite effect occurs for individuals that
experience an initial large negative error. This phenomenon can be easily illustrated by correlating the
initial measurement error with the change value which creates a negative correlation with greater

absolute value for tests with higher measurement errors (Supplementary C1).

To quantify the effects of regression to the mean when estimating the influence of baseline capability
on change, we consider separately the two standard analytical approaches used in S&C research. Firstly,
we consider the continuous case where an intervention is conducted, and change values are regressed
on baseline values. Given our data generating model presented in eq.1, we wish to estimate the
parameter [$1. Where there is no measurement error, we obtain an unbiased estimate. We can show,

however (Supplementary C2), where we have measurement error simply regressing observed change

and baseline values gives the estimate 51, where:
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_ Bla.Z_aZ
17 g2482 7

=

eq.7

This equation shows that where there is no IDE from baseline values (8; = 0), we will estimate a
negative regression coefficient that increases in absolute magnitude as measurement errors increase and
the group studied is more homogenous. Where there is IDE from baseline values (8; # 0) the equation
shows that bias will increase with greater measurement error (approaching -1) and will tend to decrease

towards the true population value as the baseline variation increases.

The second analytical approach commonly used in S&C to investigate potential IDE from baseline
values is to conduct an intervention and post-hoc, split the sample into groups using baseline values
and a threshold. The threshold may be determined a priori (Wetmore et al, 2020) or with an arbitrary
midpoint generating what can be labelled for example ‘stronger’ and ‘weaker’ groups (James et al, 2018).
Conceptually, the limitation of this method is that some of the individuals in the stronger group will
have exceeded the threshold based on a positive measurement error, and conversely, some of those in
the weaker group due to a negative measurement error. Regression to the mean tends to result in those
mislabelled as stronger observing lower change and those mislabelled as weaker observing greater
change than is true. When the mean of the weaker group is subtracted from the stronger group
regression to the mean will bias results and where there is no IDE from baseline values, we will tend to
observe a negative value indicating greater improvement of the weaker group. More formally, it can be
shown (Supplementary C3) where there is no IDE from baseline values the regression to the mean

when selecting a threshold ¢ is equal to:

2
—\/ﬁ(C(z&e) + C(z{,’re)), eq.8

where z},, = (C_u””" ) Zpre = (”p”"_c ) and C(z) is the ratio of the standard normal density function

Vo2+62 Vo2+62
(¢(2)) and one minus the cumulative distribution function (®(z)). As with the continuous case, the

analysis shows that the magnitude of the regression to the mean effect is increased as measurement
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error increases and the group studied is more homogenous. Additionally, eq.8 shows that the regression

to the mean effect is increased as the threshold value moves further from the population mean.

1.2.2 Accounting for regression to the mean

Multiple methods have been proposed to account for regression to the mean and obtain unbiased
estimates of the relationship between baseline capability and change. One popular method includes
Oldham’s method (1962) which regresses change values on the average of the baseline and post-
intervention values. This method is reflective of the Bland-Altman method and associated plot
frequently used in criterion validity and reliability analyses (Bland and Altman 19806). In some cases,
Oldham’s method (1962) obtains non-biased estimates of the relationship between baseline capability
and change. The biological significance of a correlation between change values and the middle value of
an intervention has, however, been criticised (MacGregor et al, 1985). In addition, the method does not
perform well when there is variation in intervention effect reflected by v# (Hayes 1988). It is important
to note the difference between variation in intervention effect and the concept of trainability that has
been discussed more recently in S&C (Hecksteden et al, 2015). Here, trainability refers to individual
participant factors (e.g. genotype, previous training history) that interact with the training stimulus to
cause systematic variation in the intervention effect (Hecksteden et al, 2015). These factors could be
added to the data generating model and reduce the random variation V2. The extent to which these
factors exist, however, is debated, with many recent reviews failing to provide quality evidence
(Williamson et al, 2017;Bonafiglia et al, 2022). Approaches to test for trainability have typically
compared variation in change values between intervention and control groups, and concluded there is
evidence of trainability when the variance is greater in those performing the intervention (Atkinson et
al, 2019). Whilst this approach may appropriately identify the existence of trainability when systematic
variation is large and positive, there are several potential subtleties that may conceal any relationship

and cause observed variation to be similar between intervention and control groups (
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An alternative method that can be used to estimate the relationship between baseline capability and

change whilst accounting for regression to the mean is Blomgqvist’s method (1977). In eq.7 we

presented the estimate of the IDE from baseline values ([?1) in terms of the true population value (f8)

and showed that the two were not equal. In Blomqvist’s method (1977), we rewrite the equation and

identify the adjustment requited so that our new estimate (1) provides an unbiased estimate of the

true population value using the original biased estimate:

~ B, (6% +6%)+6>
Bl = -1 2 . eq.9

[

Blomqvist also provided an approximate standard error (Blomqvist 1977), and we note that the
expression does not feature v2, such that the relationship holds regardless of whether there is variation
in the intervention effect. To use Blomqvist’s method we must include an estimate of the measurement
error 82 which can be obtained from reliability studies reporting typical error. Additionally, the baseline
value standard deviation ¢ should represent the population standard deviation, and not just those
included in the study (Hayes 1988). Multiple simulations have confirmed that Blomqvist’s method can
be used to obtain suitable estimates of the relationship between change and baseline capability (Hayes
1988; Chiolero et al, 2013), however, additional methods including the use of multi-level models can
also be used and may be more effective where measurements are collected multiple times during the

intervention (Chiolero et al, 2013).
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2.0 Meta-analysis

The meta-analysis was conducted on a database of S&C training studies obtained from a search of the
literature comprising studies from 1962 to 2018. The database included information describing
outcome variables along with baseline and follow-up means and standard deviations and has been
described elsewhere (Swinton et al, 2022). For the current meta-analysis, baseline and follow-up
standard deviations were extracted from the following outcomes: 1) 1RM squat (kg); 2) 1RM bench
press (kg); 3) maximum vertical jump (cm); 4) 10 m sprint time (s); 5) 20 m sprint time (s); and 6) 30 m
sprint time (s). Data were extracted from a total of 421 studies comprising 819 groups, 10,267

participants and 2,037 outcomes (Table 1).

Table 1: Description of data extracted for different outcomes.

IRM squat  1RM bench  Vertical jump 10 m sprint 20 m sprint 30 m sprint

press
Number of studies 121 103 312 95 97 58
Number of outcomes 329 307 896 194 193 118
Intervention duration 8 [6-10] 8 [6-12] 8 [6-10] 8 [6-10] 8 [6-10] 8 [6-10]
(median [IQR]) Weeks
Number of groups 254 219 595 170 174 102
Number of participants 3137 2959 7374 2181 2372 1346

Meta-analyses were conducted for each outcome to quantify and pool the difference in sample standard

deviation S, at each time point with baseline. Within-study errors \/ Var(spost — Spre) Were and accounted

for the correlation between time points (Supplementary D). Briefly, the standard error of the standard

deviation at each time point was calculated from ./Var(s) =+E(s?) — E(s)2. Given standard
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distributional assumptions and knowledge that the sample variance is an unbiased estimator we obtain

Using the correlation between sample standard deviations

JVar(s) =s [1— %72; where 1, = ')

=

_ 24h(#H(p?)-1)

Tsprespost =~ m1-212 > where p is the correlation between baseline and other time points, and H is a

hypergeometrical series (Pearson 1925 and Supplementary D), we have: \/Var(Spost_Spre) =

223 A2 (H(p?)-1)
1——”)(52 +s2 —4m P s )
J( -1 pre post n—1-212 “Pre post

Interpretations of meta-analyses were based on the pooled mean difference between post-intervention
and baseline standard deviations. From eq5, where the standard deviation was judged to decrease or
remain constant across the intervention, this was interpreted as evidence of a negative relationship
between baseline capability and change. For the case where standard deviation increased across the
intervention this was deemed to be indeterminate, as the increase could be caused by random variation
in intervention effects combined with either a positive, negative, or no relationship between baseline
capability and change. All meta-analyses were conducted using Bayesian three-level hierarchical models
to account for covariances between multiple outcomes reported in the same study due to inclusion of
multiple groups and/or reporting across multiple time-points. Weakly informative Student’s and half
Student’s t priors with 3 degrees of freedom were used for intercept and variance parameters,
respectively. Inferences from all analyses were performed on posterior samples generated using the
Hamiltonian Markov Chain Monte Catlo method with 4 chains for 20,000 iterations with a burn-in
period of 10,000. Interpretations were based on the median value (Differenceos: 0.5-quantile), the range
within the credible interval (Ctl), and the probability that the pooled mean value was less than 0.
Analyses were performed using the R wrapper package brms interfaced with Stan to perform sampling
(Burkner 2017). Convergence of parameter estimates was obtained for all models with Gelman-Rubin

R-hat values below 1.1 (Gelman et al, 2014).
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3.0 Results

Distributions of posterior estimates are presented in Figure 1, with results showing an increase in

standard deviation from baseline to post-intervention for the 1RM squat (Differenceqs = 0.93 [95%Crl:

0.52 to 1.34 kg]; p(Difference <0)<0.001) and bench press (Differenceos = 0.69 [95%CtI: 0.40 to 0.98

kg]; p(Difference <0)<0.001). Results provided some evidence for a decrease in standard deviation

from baseline to post-intervention for the vertical jump (Differenceos = -0.07 [95%Crl: -0.16 to 0.02

cm]|; p(Difference <0)= 0.933) and strong evidence for sprint time across all three distances (10 m:

Differenceos = -0.007 [95%CrI: -0.012 to -0.003 s|; p(Difference <0)>0.999; 20 m: Differenceos = -

0.020 [95%CrI: -0.034 to -0.009 s]; p(Ditference <0)>0.999; 30 m: Differenceos = -0.011 [95%Crl: -

0.020 to -0.002 s]; p(Difference <0)=0.992).

Figure 1: Meta-analysis results illustrating posterior distributions of difference in baseline and post-
intervention standard deviations across outcomes.
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4.0 Discussion

It is commonly believed in S&C that baseline capability causes IDE and may be one of the main
factors influencing observed variation in response to an intervention. As highlighted by this review,
there are several important conceptual issues and technical challenges that must be considered when
investigating whether baseline capability causes IDE. This is especially relevant in S&C where there is
interest in maximum performance and as a result, the potential for large measurement errors that can
cause substantive regression to the mean effects. In addition to highlighting some of the important
conceptual and technical issues, this review adopted a distinct approach to the analysis of IDE caused
by baseline capability, seeking to explore the phenomena more generally. To achieve this, meta-analyses
were conducted comparing baseline and post-intervention standard deviations and pooling across a
large number of studies. As identified in the introduction, post-intervention standard deviations should
be expected to increase relative to baseline due to variability in response to the intervention. Based on
the data generating mechanism presented, however, a negative relationship between baseline capability
and change would counteract this increase. Where there is evidence that the post-intervention standard
deviation is equal to, or certainly less than baseline standard deviation, this can be interpreted as
providing evidence for a negative relationship between baseline capability and change. In the meta-
analyses presented, moderate evidence was obtained for a reduction in standard deviation for vertical
jump, and strong evidence for a reduction in standard deviation for sprint performance across all three
distances. In contrast, strong evidence was obtained for an increase in standard deviation for maximum
strength as measured during the squat and bench press. At present it is unknown why results were
distinct across the different outcomes. It remains possible that in general a negative relationship exists
between baseline capability and change for maximum strength, but that this relationship is counteracted
by a greater variation in treatment response. Most interventions investigated in S&C are primarily aimed
at improving maximum strength and this may explain greater variation in treatment response compared
to other outcomes. Further research is required to investigate further the results presented here and the

different contexts which influence the magnitude of variation in treatment response and the causes of
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IDE. To conduct this research, future studies should be cognisant of the potential data generating
mechanisms and include appropriate research designs and statistical approaches to account for the

conceptual and technical challenges present in this area of investigation.
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Supplementary files

The following supplementary files derive the required results presented in the main paper and provides R code to
illustrate and provide checks.

Supplementary A: Properties of statistical models
In this section basic properties of statistical models are outlined that will be used to derive subsequent results.

Property 1 (P1): Jointly Normal random variables: Two random variables X, Y are said to be jointly normal if they can be
expressed in the form X = aU + bV; Y = cU + dV whete U and V are independent normal random variables.

Property 2 (P2): Population mean E(X) = p and the linearity of expectation: E(aX + bY) = aE(X) + bE(Y), where a

and b are constants.

Property 3 (P3): Expectation of an independent product: if X and Y are independent then E(XY) = E(X)E(Y).
Property 4 (P4): Population variance and expectation: Var(X) = E(X?) — u?.

Property 5 (P5): Variance of a linear combination: Var(aX + by) = a?Var(X) + 2abCov(X,Y) + b?Var(Y).

Property 6 (P6): Covariance and expectation: Cov(X,Y) = E(XY) — pxity.

Property 7 (P7): Covariance and correlation: Corr(X,Y) = pxy = %.

Property 8 (P8): Bivariate normal distribution:

X_ ( ] [ Var(X) Pxy+/ Var(X)Var(Y) D

. DPxy Var(X)Var(Y) Var(Y)
Property 9 (P9): Conditional expectations
E(XY) = E[E(XY|Y)] = E[YE(X|Y)]

Property 10 (P10): Conditional expectation in the bivariate general normal distribution:

(VX = x) =y + p (2 )(x—ﬂx)
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Supplementary B: Mathematical Coupling

We consider two situations when calculating the correlation between true pre-intervention values (Pre) and true change
values (Post — Pre). The first situation is where there is no correlation between Pre and Post, the second situation is
where there is a positive correlation. Across both conditions we assume no measurement error.

Supplementary B1 - Situation 1: No correlation between Pre and Post

_ Cov(Pre,Post—Pre)
Corr(Pre, Post — Pre) = JVar(Pre)+Var(Post—Pre)

__ E(Pre(Post—Pre))—ppre(lpost—Hpre)

\/Var(Pre) (Var(Pre)+Var(Post))

_ E(PrePost)—E(Pre 2)‘/‘-Prel‘-Post+l‘-}2’re

\/Var(Pre)(Var(Pre)+Var(Post))

_ HUpreMpost— (Var(PTG‘)+I‘12>re)_#PrellPost+#12>re

\/(Var(Pre)+Var(Post))Var(Pre)

_Var(Pre) Result 1

Bl J(Var(Pre)+Var(Post))Var(Pre)

—Var(Pre) 1

For result 1, where Var(Pre) = Var(Post) we have Corr(Post — Pre, Pre) = TvaGror — v

Supplementary B2 - Situation 2: Positive correlation between Pre and Post

To obtain an expression for Corr(Pre, Post — Pre) under the usual circumstance where baseline and post-intervention
values are correlated, we first introduce our data generating model and some basic results. The data generating model is:

Post = Pre + By + B, Pre + &, Where Pre~N (i, ?).

The model states that Post values are a function of Pre values (Pre~N (Upre, T 2)), plus an average intervention effect
Bo, some intervention differental effect IDE) based on Pre values where 81 # 0, and an independent term describing
random offset of intervention effects E~N(0,v?).

We can see that Upys: = E(Pre + By + B1Pre + &) = (1 + B)Upre + By, and

Var(Post) = Var(Pre + 8, + f1Pre + &) = a?(1 + 5,)? + V2.

We now consider the correlation between baseline and post-intervention values given the data generating model.

Cov(Pre,Post)

\/Var(Pre)Var(Post)

E(PrePost)—[iprelPost

Jo2(a2(1+B1)%2+v3)

E(Pre(PT3+50+51PT3+5))—#P7*9(#Pre+ﬁo+ﬁ1#Pre)
Vo2 (@2(1+B)2+v?)

Corr(Pre, Post) =

_ E(Pre®)+BoE(Pre)+piE(Pre?) +E(§Pre)—ppro—Bokpre=Piltpre

Jo2(a2(1+B1)%2+v2)

Var(Pre)+up e +Boktpre+Bi(Var(Pre)+up e)+E(Pre)E(§)—upre—Botipre—Biltpre

02(02(1+B1)3+v?)

(1+B1)0?

Jo2(a2(1+81)2%+v2)


https://doi.org/10.31236/osf.io/y7sk6

Doi:10.51224 /SRXIV.285 SportR yiv Preprint version 1

(1+p1)o

1+ S Result 2

/(1+ﬁ1)2+5—§

Now that we have the correlation p between Pre and Post, we know that the variables follow a bivariate normal
distribution and from properties 10 and 11 have E(PrePost) = E[Post E(Pre|Post)] and E(Pre|Post) = Up, +

Var(Pre)
Var(Post)

(POSt - /'lPost)-

Therefore,

Cov(Pre,Post—Pre)
/Var(Pre)Var(Post—Pre)

Corr(Pre, Post — Pre) =

E(Pre(Post—Pre))—upre(Upost—HPre)

B JVar(Pre)(Var(Pre)+Var(Post)—Zp\/Var(Pre)Var(Post))

2
E(PrePost)—E(Pre?)—upreltposttipre

\/Var(Pre)(Var(Pre)+Var(Post)—Zp\/Var(Pre)Var(Post))

__ E[Post E(Pre|Post)]-(Var(Pre)+u2,¢)~ipretpost+Hbre

Bl JVar(Pre)(Var(Pre)+Var(Post)—Zp\/Var(Pre)Var(Post))

Var(Pre
Post(upre+p Var((posz))(”"“‘”l’osf)>

JVar(Pre)(Var(Pre)+Var(Post)—2p\/Var(Pre)Var(Post))

E

—(Var(Pre)+uprelpost)

Var(Pre
upreE(Post)+p Var((lgost))[E(POStZ)—#PostE(POSf)]—(Var(PT€)+#Pre#Post)

\/Var(Pre) (Var(Pre)+Var(Post)—2p‘/Var(Pre)Var(Post))

Var(Pre)
UprelposttpP Var(Post)Var(POSt)—(Var(Pre)"'IlPreﬂPost)
JVar(Pre)(Var(P‘re)+Var(Post)—Zp\/Var(Pre)Var(Post))

p+/Var(Pre)Var(Post)—Var(Pre)
JVar(Pre)(Var(Pre)+Var(Post)—2p1/Var(Pre)Var(Post))

_ py/Var(Post)—/Var(Pre) Result 3

J(Var(Pre)+Var(Post)—2p1/Var(Pre)Var(Post))-

From result 3, we can see that as p is positive, then the correlation between pre-intervention and change values will be
negative when Var(Pre) = Var(Post).

Plugging in our previously determined variances and correlation gives

p+/Var(Post)—/Var(Pre)

\/(Var(Pre)+Var(Post)—Zp\/Var(Pre)Var(Post))

Corr(Pre, Post — Pre) =

SRS L e vl

02(1+B1)2+v2

\/0'2+02(1+Bl)2+v2—27(1+ﬁ1)6 2(c2(1+B1)%+v?)

(02(1+B1)2+v2)

_ Bio
Jo2+02(1+B1)2+v2-2(1+B1)0?
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B1o
JaZ(1+(1+ﬁ1)2—2(1+31))+v2

Bio
oz(ﬁf+z—z)

=& =. Result 4
S
17452
Note, we can see that from this data generating model, the example discussed in Supplementary B1 (Result 1) is simply
the case where f; = —1, here we have Post = 3, + &, Cor(Pre, Post) = 0,Var(Post) = v2, and if v? = g2, then

Corr(Pre, Post — Pre) = —%.
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Supplementary C: Regression to the mean
Supplementary C1 — Correlating errors and repeated measurements

Regression to the mean phenomena occur in the presence of measurement error. Up to this point we have considered
measurements with no error, that is measurements that return the true values Pre and Post. In practice we do not have
access to true values and instead our observed values pre and post are assumed to comprise measurement error € that
are normally distributed with the same standard deviation, independent of each other, and independent of the true score
such that:

pre = Pre + €;post = Post + €;e~N(0,52).

Derivations in subsequent sections based on our data generating model will require knowledge of the following
correlations:

Cov(Pre,pre)

J/Var(Pre)Var(pre)

E(Pre pre)—liprelPre
Jo2(a2+62)

Cor(Pre,pre) =

E((Pre+epre)(Pre))—u12,re
Jo2(a2+52)

E(Pre?)+E(eprePre)—ubre
Jo2(c2+62)

_ Var(Pre)+up,o—ire
J(02+62)(02+v2+52)

a?

= Ja2(a2+62)

o
= T Result 5

Cov(Pre,post)

J/Var(Pre)Var(post)

__ E(Pre post)—ppreHpost
Jo2(02(1+81)2+v2+62)

Cor(Pre,post) =

E(Pre(Pre+Bo+B1Pre+§+€))—pipre(upretBytBtpre)
Jo2(a2(1+B1)%2+v2+62)

_ E(Pre?)+BoE(Pre)+B1E(Pre?)+E(£Pre)+E(Pre€)—pb,o—Bolpre—Bilpre
JoZ(a2(1+p1)2+v2+62)

Var(Pre)+uB o+ Bokpre+Bi(Var(Pre)+ud, o) +E(Pre)E() +E(Pre)E(e)~npro—Botpre—Bikpre
Jo2(02(1+B1)%+v2+62)

(1+By)a?
T Jo2(@2 (B2 +vZ+67)

(1+Bo

Vo2(1+B1)%+v2+62

= 1h Result 6

v2+52
A+B1)%+ o

E(prepost)—Uprelpost

J/Var(pre)Var(post)

Corr(pre, post) =
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_ E((PTE"'epre)(PTe‘*‘BO+31Pre‘*‘f‘*‘fpost))_#pre(ﬂpre+Bo+ﬁlﬂpre)
- V(62469 (02 (1+1)2+v2+62)

_ E(Prez)+ﬁ0E(P‘re)+b’1E(Pre2)+E(§’P‘re)+E(epostPre)+E(€pre(Pre+ﬂo+ﬂlPre+$+epost))—uzz,re—ﬁoupre—ﬁluﬁre
N V(02+82)(02(1+B1)2+v2+57)

_ (1+ﬁ1)(Var(PTe)+#12>re)+ﬁO#Pre_#gre_ﬁoﬂpre_BlﬂIZ’re
J(02+582)(02(1+f1)%+vZ+62)

_ (1+B1)o?
[ )
1+84

= J<1+§_§)((1+ﬁ1)2+v2:282) Result 7

We now illustrate the general regression to the mean phenomena and start with repeated measurements and quantify the
correlation between the error on the first measurement and the difference between measurements one and two.

We have pre; = Pre + €;, Pre~N(u,0%),€;~N(0,6%),i = 1,2.

E(e1(prea—preq))
/Var(e1)Var(pre,—pre;)

Corr(e,, pre, — pre,) =

E(e1(Pre+e;—Pre+eq))

\/62 (Var(pre;)+Var(pre;)—2Cov(pre,,prey))

E(€1)E(Pre)+E(€1)E(e2)—E(e1)E(Pre)—E(e2)

\/62 (Var(Pre+e,)+Var(Pre+e;)—2Cov(pres prey))

—52

JSZ (2(62+252—C0v(p‘re1,p‘re2)))

We also have

Cov(prey, pre,) = E(pre,pre,) — ll;zyre

= E((Pre + €,)(Pre + €,)) — t2re
= E(Pre?) + E(Pre)E(e;) + E(€)E(Pre) + E(e,)E(€3) — tare
= o2

Hence

—52

§2(2(0%+26%2-02))

Corr(e,, pre, — pre;) =

Result 8

sl
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Supplementary C2 — Regression to the mean and continuons analyses.

. . . C ) . .
For simple linear regression of y on x we have f; = ‘(;Zr(?;)/). Therefore, given our data generating model we would

estimate 3, from

B __ Cov(post—pre,pre)

1= Var(pre)

__ E(pre(post—pre))—E(pre—post)E(pre)
- Var(pre)

__ —E(pre?)+E(pre post)—E(post)E(pre)+E(pre)?
- Var(pre)

_ _(Var(Pre)+l‘-127re)+COV(Z’T&POS’-‘)+Mp-relipost_lipre I'LpOSt+I'L12)T‘e
Var(pre)

__ Cov(pre,post)-Var(pre)

Var(pre)

From Post = Pre + (B, + B1Pre) + &, we have Post = 8, + Pre(1 + B,) +¢.
Hence Cov(Post, Pre) = (1 + B;)Var(Pre).
Now we show that Cov(pre, post) = Cov(Post, Pre).

Cov(pre,post) = Cov(Post + €pose, Pre + €pre)

= E ((POSt + Epost)(Pre + Epre)) - “Pre,uPost

= E(PostPre + Postepre + Preepos + epostepre) — Uprelpost
= Cov(Pre, Post).
Inserting this expression to that above gives:

B __ Cov(pre,post)-Var(pre)
=

Var(pre)

_ (1+B1)Var(Pre)—Var(pre)
- Var(pre)

_ (1+Bo?—(0?+6?)
- 02+42

_ Blo.Z_SZ
T 02462

Result 9

Here we have shown that if B; = 0 we obtain a spurious negative relationship. If f; # 0 there is no bias if §% = 0, and
a bias which increases as 62 increases resulting in a more negative relationship. To address this bias, we can use
Blomgqvist’s method (1977) and rewrite the equation and identify the adjustment required so that our new estimate (f;)
provides an unbiased estimate of the true population value using the original biased estimate:

Pro*-5>

5 _ 5 _ PBi(c?+8%)+67
ﬁl_ o2+62 _):81_ .

2

Result 10

g
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Supplementary C3 — Regression to the mean based on groups and threshold values.

To quantify regression to the mean in the scenario where a sample is split into two groups using baseline values relative to
a threshold and the subsequent change values compared, we need to quantify conditional expectations based on true and

observed values. If we have a variable X~N (i, 0%) and we truncate so we have two groups X > ¢ and X < c, then from
Davis (1976) we have:

EX|X >c¢) = pu+ C(zf)/Var(X)
EX|X <c¢) =u—C(zx)y/Var(X)

+ _ [_c-u - u-c _ 9@
where zy = (—’—Var(X))’ Zy = (—'—Var(x))’ and C(z) = o@

Where we don’t have measurement error this would give:

EXIX>c)=p+ <¢ (?)/(1 - ¢(%)))a

EX|IX<c)=u-— ((j) (?) / (1 —¢ (?))) g. Result 11

Where we introduce measurement error x = X + €,~N(0, 52), we have:

E(x|x>c)=u+<¢(%)/(1-¢(%))>m

E(xlx <¢) = - <¢ (J%) / (1 — ¢ (\/:‘T))) VoZ ¥ 62, Result 12

Also from Davis (19706), where x, y follow a bivariate normal distribution with correlation p, we have:
E(ylx > c) = py + pC(z)\/Var(y)
E(ylx <c) = u, — pC(zy )y Var(y). Result 13

To quantify the effects of regression to the mean we first examine the case where there is no IDE due to baseline values
(B, = 0) such that Post = Pre + B, + &. We show that if we were able to split the sample based on true baseline
values, we obtain a non-biased estimate of the change. Using Result 2, setting 8; = 0 and subsequently 4/ Var(Post) =
\/W, gives:

E(Post|Pre > c) = pipost + ;VZC(Z;T?) Vo? +v2 = lpose + C(Z3re)0
1+?
1 N T -
E(Post|Pre < c) = ppost — _VZC(ZPre) 0% + V% = lpost — C(Zpre)o
1+?
Note using Result 6, we obtain the same expression if we use the observed post-intervention values:

E(post|Pre > €) = tipose + =55 C (24 NG + V2 + 67 = fipose + C(2re)0

vZ+§2
p)
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E(post|Pre < ¢) = Upost — == C(Zpre)VO? +V? + 62 = pipose — C(Zpre)O.

2+52
%2
o

We can see there is no regression to the mean when using true baseline values and the expected change across the
intervention is correct:

E(post|Pre > c¢) — E(Pre|Pre >¢) = u+ By + C(z})o — 1+ C(zf.)o = By
E(post|Pre < c) —E(Pre|Pre < c) =u+ By — C(zpye)0 — (U — C(2pye)0) = Po-

Where regression to the mean occurs, is when we split groups based on observed values beyond and below the threshold.
We find that the expected values are biased at both baseline and post-intervention, creating the regression to the mean
effect. To quantify this bias, we start with the group comprising those with observed values above the threshold and use
Results 5-7:

[E (post|pre > c) — E(post|Pre > ¢)] — [E(pre|pre > c) — E(pre|Pre > c)] =

u + BO + L-'-5222 (Z;re) (ﬂ + BO + C(Z;re)o-) [‘Ll + C(Zpre) \ 02 + 62 - (l’l +
(1+52) (1)
2 52 C(ZPre) v 0%+ 62)]

i C((ZPre)) C(z Pre) — [o‘ (C(Z;re) 1+ j_z - C(Z;re)>l
1+—7

8§2)0?

=)
= —C(Zp‘re)< J(0%+62) )

For the group comprising those with observed values below the threshold we have:

= 0C(zre)

[E (post|pre < c) — E(post|Pre < c)] — [E(pre|pre < c) — E(pre|Pre < c)] =

12z + ﬂg - %C(zgre) - (/’l + BO - C(Zl;re)o-)‘ - [H - C(Zz;re) v o? + 0% — <,Ll -
52 == C(Zpre)Vo? + 52)]

2

o| Czpre) - C((Zﬁf;)) - [a <c(z;re) — C(zpre) J1 +j—>]
1+_i

_ 52 2
oC(2pre) /(752
(1+;7)
_ 52
= () (7w

The total regression to the mean accounting for the underestimation of the group above the threshold and the
overestimation of the group below the threshold is then

\/ﬁ (C(Zpre) + C(Z;re))
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Supplementary D: Meta-analysis of standard deviations

To conduct a meta-analysis with standard deviations, we have the random variable for the sample standard deviation S =

= ", (X; — X)?, we have from Cochran’s theorem (1934) that ———

n-1

(= 1)5 = U, where U is a random wvariable with chi-

squared distribution y2 with degrees of freedom v =n — 1.

To petform meta-analyses with the sample standard deviation, we require the standard error \/ Var(S) = \/ E(S?) —E(S)>.

(n-1)s2 o2

>———and
o n-1

The sample variance S 2 is an unbiased estimator hence E(S?) = ¢2. To calculate E(S), we note that S =

(1/2) /2

2

X
the probability density function for y2 is p(x) = x™2~1e72, Hence

2 —1)s2
E(S) = /%E( %)

The expectation of function of a random variable E (g (0.6 )) = f g f(x)dx, hence
E(S) = [ [ Vs e L 3’/ 2 ((-1/D-1,75 g

o2 foo (1/2)(" 1)/2

)

To turn the latter expression back into a chi-squared distribution to integrate to 1, we perform the following manipulation
_ [202T/2) co0 (1/2)2 (nj2)-1,-3
BO) = \ri@ o sy SO e S

_ ’L r(n/2)
Hence E(S) =0 — F(nT_l)

_ '(n/2)

)

YVar(8) = E(5?) — E(S)?

sM/D-1573 g

Let 4, then

222
= [g2 —g2iin
n-1
212
=0 |1—-——2
n-1

As an estimate, we then replace ¢ with our observed sample standard deviation S.

. s .
Note, frequently the standard error term for S is reported as oD we can see this from
—

JJVar(S) = a\/l — —1<FE(;)1)
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n+1 n-1 n-1 n-1

From general properties of the Gamma function I'(a + 1) = al'(a) we have, and T (T) == r (T) and - =
r (nTH) /T (nT_l) Hence we can express / Var(S) as:

1,(n+1) ( F(E) >2 L
The term 2L — [ 2245 | rapidly approaches =, hence
\/F( 2 1) ( 2 1) pielyapp 2

N

i
N
Q

\/Var(S)zEa E=m

Where again as an estimate, we then replace 0 with s.

Now that we have the within study error for S we can calculate the within study error for the actual statistic used in the

study which is Spyst — Spre. We have

\/V3r(SPost — Spre) = \/V3r(SPost) + Var(Spre) — 2Cov(Spre, Spost)

= Jvar(SPost) + Var(Spye) — 2Corr(Spye, SPost)\/VEH'(SPost)Jvar(SPre)-

From Pearson (1925), If we have a population with 07, 05 and correlation between X;, X, = p, then we have

2An?(H(p)-1)
n-1-2An2 °’

COI’r(SXl, sz) =

where H is a hypergeometrical series

1 p?P 1
p! 2n-2)(2n+2)..2n+4p—6)

2 4
Hp?) =1+52_ 42

Uzn—2 " 21 2-D)(2n+2) + -+, where we use up to p = 3 here.

Therefore, we estimate \/Var'(Spost — Spre) with

212 212 2An2(H(p)-1) 212 242
hro (1= 22) s (1 - 22) = 225800 b (1= 2) sho (1 - 2)

- 223 ( <2 2 R H(p?)-1)
- \/(1 - E) (SPre + Spost — 4msPresPost)-
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Supplementary E: suR code

# In the following file we demonstrate the supplementary results derived
# Load packages

library (ggplot2)

library (MASS)

Supplementary B: Mathematical Coupling

Supplementary Bl - Situation 1: No correlation between Pre and Post

We simulate non-correlated variables and then correlate the first with
the difference. We included two cases, one where the variances are not
equal and the second where they are.

set.seed (1)

n Bl = 100000

mu Pre Bl = 100

mu_Post Bl = 100

sd Pre Bl = 10

sd Postl Bl = 12

sd Post2 Bl = 10

Pre Bl = rnorm(n Bl,mu Pre Bl,sd Pre BIl)

Postl Bl = rnorm(n Bl,mu Post Bl,sd Postl B1)

Post2 Bl = rnorm(n_ Bl,mu Post Bl,sd Post2 BIl)

P

# Calculate correlation non equal variance
round (cor (Pre Bl,Postl Bl-Pre Bl),2)
# check with derivation
round (-sd_Pre B1"2/
sqrt ((sd Pre Bl1"2+sd Postl B172)*sd Pre B1"2),2)

# Calculate correlation equal variance
round (cor (Pre Bl,Post2 Bl-Pre Bl),2)

# check with derivation

round (-1/sqrt (2),2)

FhHHHH S HAHH
# Supplementary B2 - Situation 2 Positive correlation between Pre and Post
# We simulate data using the model

# Post = Pre + \beta 0 + \beta 1*Pre + \xi

# We simulate two conditions, the first where there is no IDE of baseline values
# such that \beta 1 = 0, and the second where \beta 1 \neq 0.

set.seed (1)

n B2 = 1000000

mu Pre B2 = 100

sd Pre B2 = 10

beta B2 0 = 40

beta B2 1la = 0

beta B2 1b = -0.3

sd random B2 = 5

Pre B2 = rnorm(n_B2,mu Pre B2,sd Pre B2)

random_term B2 = rnorm(n_B2,0,sd random B2)

Post B2 a = Pre B2 + beta B2 0 + beta B2 la*Pre B2 + random term B2
Post B2 b = Pre B2 + beta B2 0 + beta B2 1b*Pre B2 + random term B2

# check means and variance
round (mean (Post B2 a),1)
round (mu_Pre B2+beta B2 O+beta B2 la*mu Pre B2,1)

round (mean (Post B2 Db),1)
round (mu_Pre B2+beta B2 O+beta B2 lb*mu Pre B2,1)
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round (var (Post B2 a),0)
var Post B2 a = (sd _Pre B2"2)*((l+beta B2 1la)"2)+sd random B2"2
round(var Post B2 a,0)

round (var (Post B2 b),0)
var Post B2 b = (sd Pre B2"2)* ((l+beta B2 1b) "2)+sd random B2"2
round (var Post B2 b, 0)

# check correlations pre and post (result 2)

round (cor (Pre B2, Post B2 a),2)

corPre B2Post B2 a

=(l+beta B2 la)/sqrt(((l+beta B2 la)”"2)+sd random B2"2/sd Pre B2"2)
round (corPre B2Post B2 a,2)

round (cor (Pre B2, Post B2 b),2)

corPre B2Post B2 b

=(l+beta B2 1b)/sqrt(((l+beta B2 1b)"2)+sd random B2"2/sd Pre B2"2)
round (corPre B2Post B2 b, 2)

# check Correlation between pre and change (Result 3 and 4)
round (cor (Pre B2,Post B2 a-Pre B2),2)

# Result 3
(corPre B2Post B2 a*sqrt(var Post B2 a)-sd Pre B2)/
sqrt (sd_Pre B2"2+var Post B2 a-
(2*corPre B2Post B2 a*sqgrt((sd _Pre B272)*var Post B2 a)))

# Result 4
round (beta B2 la/(sqgrt(beta B2 la”2+(sd _random B2"2)/sd Pre B2"2)),2)

round (cor (Pre B2,Post B2 b-Pre B2),2)

# Result 3

round ( (corPre B2Post B2 b*sqrt(var Post B2 b)-sd Pre B2)/
sgrt (sd_Pre B2”2+var Post B2 b-

(2*corPre B2Post B2 b*sqgrt((sd Pre B2"2)*var Post B2 Db))),2)

# Result 4
round (beta B2 1b/(sqrt(beta B2 1b"2+(sd random B272)/sd Pre B2"2)),2)
iEad s EEsdi

# Supplementary Cl - Correlating errors and repeated measurements
# We start with using our data generating model and generating true and observed
# values and check the expressions for the various correlations derived.

# We simulate two sets of pre value and two sets of post values. For the latter
# we simulate with and without IDE of baseline values.
set.seed (1)

n C = 1000000

mu Pre C = 100

sd Pre C = 10

beta C 0 = 40

beta C la = 0

beta C 1b = -0.3

sd random C = 8

sd epsilon C = 5

Pre C = rnorm(n_C,mu Pre C,sd Pre C)
random term C = rnorm(n C,0,sd random C)
Post C a = Pre C + beta C 0 + beta C la*Pre C + random term C
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Post C b = Pre C + beta C 0 + beta C 1b*Pre C + random term C

error C pre a = rnorm(n C,0,sd epsilon C)
error C pre b = rnorm(n _C,0,sd epsilon C)
error C post _a = rnorm(n C,0,sd epsilon C)
error C post b = rnorm(n C,0,sd epsilon C)
pre C a = Pre C + error C pre a

pre C b = Pre C + error C pre b

post C a = Post C a + error C post a

post C b = Post C b + error C post b

# Check Result 5

round (cor (pre C a,Pre C),2)

Cor Pre pre C = sd Pre C/sqrt(sd Pre C"2+sd epsilon C"2)
round (Cor Pre pre C,2)

# Check Result 6
round (cor (post _C a,Pre C),2)
Cor Pre post C a = (l+beta C la)/
sqrt ((1l+beta C la)”2 + (sd random C”2+sd epsilon C"2)/sd Pre C"2)
round (Cor Pre post C a,2)

round (cor (post_C b,Pre C),2)
Cor Pre post C b = (lt+beta C 1b)/

sqrt ((1l+beta C 1b)”"2 + (sd random C”2+sd epsilon C"2)/sd Pre C"2)
round (Cor Pre post C b,2)

# Check Result 7
round (cor (pre C a,post C a),2)
Cor pre post C a = (lt+beta C la)/
sqrt((l+((sd_epsilon_CAZ)/(sd_Pre_CAZ)))*
((l+beta C la)”2 + (sd _random C"2+sd epsilon C"2)/sd Pre C"2))
round (Cor_pre post C a,2)

round (cor (pre C a,post C b),2)
Cor pre post C b = (l+beta C 1b)/
sqrt ((1+((sd _epsilon C"2)/(sd Pre C"2)))*
((1l+beta C 1b)”"2 + (sd_random C"2+sd epsilon C"2)/sd Pre C"2))
round (Cor pre post C b, 2)

# To provide a general illustration of regression to the mean, we explore the
# correlation between measurement error and the difference between two observed
# values.

plotRTM1 = data.frame(x =error C pre a, y =pre C b-pre C a)
ggplot (plotRTM1[1:10000,],aes (x=x,y=y)) + geom point() +

theme classic() + labs(x="Measurement 1 error",
y = "Change value") +

geom vline (xintercept=0, linetype="dashed", color = "red") +

geom hline (yintercept=0, linetype="dashed", color = "red")
# Check Result 8
round (cor (error C pre a,pre C b-pre C a),2)
round (-1/sqrt (2),2)
#HAE A
# Supplementary C2 - Regression to the mean and continuous analyses.

# We now investigate regression to the mean by estimating \beta 1 using
# both true and observed values
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# Case where \beta 1 = 0

# True values

round (summary (Im(Post C a~Pre C))Scoefficients[2,1]-1,2)
round (summary (1lm(Post C a-Pre C~Pre C))Scoefficients([2,1],2)

# observed values
round (summary (Im(post C a~pre C a))Scoefficients[2,1]-1,2)
round (summary (Im(post C a-pre C a~pre C a))Scoefficients(2,1],2)

# Check Result 9
round( (beta C la*sd Pre C"2 - sd epsilon C"2)/
(sd_Pre C*2 + sd epsilon C"2),2)

# Case where \beta 1 \neg 0

# True values

round (summary (lm(Post C b~Pre C))S$coefficients[2,1]-1,2)
round (summary (lm (Post C b-Pre C~Pre C))Scoefficients[2,1],2)

# observed values
round (summary (1lm(post C b~pre C a))S$coefficients[2,1]-1,2)
round (summary (lm(post C b-pre C a~pre C a))Scoefficients[2,1],2)

# Check Result 9
round ( (beta C 1b*sd Pre C"2 - sd epsilon C"2)/
(sd_Pre C*2 + sd epsilon C"2),2)

# use Blomgvist’s method
# Case where \beta 1 = 0
# Check Result 10
((((beta C la*sd Pre C"2 - sd epsilon C"2)/
(sd_Pre C"2 +
sd_epsilon C"2))* (sd Pre C"2+sd epsilon C"2))+sd epsilon C"2)/
sd Pre C"2

# Case where \beta 1 \neqg 0

# Check Result 10

((((beta C 1lb*sd Pre C"2 - sd epsilon C"2)/
(sd Pre C"2 + sd epsilon C"2))*(sd Pre C"2+sd epsilon C"2))+sd epsilon C"2)/
sd Pre C"2

iEad s EEsdi

# Supplementary C3 - Regression to the mean based on groups and threshold
values.

# To quantify regression to the mean in the scenario where a sample is split

# into two groups using baseline values relative to a threshold and

# the subsequent change values compared, we need to quantify

# conditional expectations based on true and observed values.

# First we provide checks on expectations conditioned on true and observed
values

# generated previously and the threshold 110

C _thresh = 110

# Check Result 11

z plus Pre = (C_thresh-mu Pre C)/sd Pre C

z minus Pre = (mu_Pre C-C_thresh)/sd Pre C

Cz plus Pre = dnorm(z_plus_Pre)/(1—pnorm(z_plus_Pre))

Cz minus_ Pre = dnorm(ziminusiPre)/(l—pnorm(ziminusiPre))
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round (mean (Pre_C[Pre C>C_ thresh]),2)
round (mu_Pre C + sd Pre C*Cz plus Pre,2)

round (mean (Pre C[Pre C<C thresh]),2)
round (mu_Pre C - sd Pre C*Cz minus_Pre, 2)

# Check Result 12

z plus pre = (C_thresh-mu Pre C)/sqrt(sd Pre C"2+sd epsilon C"2)
z minus pre = (mu Pre C-C_thresh)/sqgrt(sd Pre C"2+sd epsilon C"2)
Cz plus pre = dnorm(z plus pre)/(l-pnorm(z plus pre))

Cz minus_pre = dnorm(z minus pre)/(l-pnorm(z minus pre))

round (mean (pre C a[pre C a>C thresh]),2)
round (mu_ Pre C + sqgrt(sd Pre C"2+sd epsilon C"2)*Cz plus pre,2)

round (mean (pre C a[pre C a<C _thresh]),2)
round (mu_Pre C - sqgrt(sd Pre C"2+sd epsilon C”2)*Cz minus_pre, 2)

# We provide a check on the post intervention expectations conditioned on true
# baseline values. Here we assume that \beta 1 = 0.

# Check Result 13

round (mean (Post C a[Pre C>C thresh]),1)

round (mean (post C a[Pre C>C thresh]),1)
round (mu Pre C + beta C 0 + Cz plus Pre*sd Pre C,1)

round (mean (Post C a[Pre C<C threshl]),1)

round (mean (post C a[Pre C<C thresh]),1)

round(mu_Pre C + beta C 0 - Cz minus Pre*sd Pre C,1)

# Still assuming that \beta 1 = 0, we quantify the regression to the mean

# that will occur when groups are determined based on observed baseline values

# We achieve this by calculating the difference between expectations when
# using observed versus true baseline values

round ( (mean (post C a[pre C a>C thresh]) -
mean (post C a[Pre C>C thresh])) -
(mean (pre C a[pre C a>C thresh]) -
mean (pre C a[Pre C>C threshl])),1)

round (-Cz_plus pre*(sd epsilon C"2/sqrt(sd epsilon C"2+sd Pre C"2)),1)

round ( (mean (post C a[pre C a<C_thresh])
mean (post C a[Pre C<C thresh])) -
(mean (pre C a[pre C a<C_thresh])-

mean (pre C a[Pre C<C thresh])),1)

round (Cz minus_pre* (sd epsilon C"2/sqrt(sd _epsilon C"2+sd Pre C"2)),1)

# Total regression to the mean
round ( ( (mean (post C a[pre C a>C thresh])-
mean (post C a[Pre C>C thresh]))
(mean (pre C a[pre C a>C thresh]) -
mean (pre C a[Pre C>C thresh]))
((mean (post C a[pre C a<C thresh])-
mean (post C a[Pre C<C thresh])) -
(mean (pre C a[pre C a<C_thresh]) -
mean (pre_C a[Pre C<C_threshl]))),1)
round (-
(Cz_minus pre+Cz plus pre) * (sd epsilon C"2/sqrt(sd epsilon C"2+sd Pre C"2)),1)
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# Supplementary D: Meta-analysis of standard deviations

# Standard error of standard deviation
# sd(s) = s*(\sqgrt(l-2/n-1*\lambda n)

# function for lambda
lambdan = function (n) {

gamma (n/2) /gamma ( (n-1) /2)
}

# Function for Se of S

SeS = function(s,n) {
s*sqrt (1-((2*lambdan (n) *2)/ (n-1)))
}

# We compare across group sizes of 10,25,50,100

# Collect results
set.seed (123)
sesCollectn = ¢ (10,25,50,100)
sesCollect = matrix (NA, nrow = 100000, ncol=4)
for(j in 1:4){
for(i in 1:100000) {
sesCollect[i,j] = sd(rnorm(sesCollectn[j],100,20))
}}

round (apply (sesCollect,2,sd),?2)
# Check
round (SeS (20, sesCollectn), 2)

# We now look at the correlation between standard deviations
Hrho2 = function (n,rho2) {
1 + rho2*(1/(2*n-2)) +
(tho272/2)* (1/ ((2*n=2)* (2*n+2))) +
(rho273/6)* (1/ ((2*n-2) * (2*n+2) * (2*n+6)))
}

corsl?2 = function (n,rho) {
(2* (lambdan (n) *2) * (Hrho2 (n, rho"2)-1))/

(n=-1-(2*lambdan(n) "2))
}
# We simulate data from multivariate normal distribution with correlations equal
# to 0, 0.25, 0.5 and 0.75. across sample sizes of 10,25,50,100.
Sigma0 = matrix(c (2072, 0*20*20, 0*20*20, 20"2),ncol=2)
Sigma025 = matrix(c (2072, 0.25*20*20, 0.25*20*20, 2072),ncol=2)
Sigma05 = matrix(c (20”2, 0.5*20*20, 0.5*20*20, 20"2),ncol=2)
Sigma075 = matrix(c (2072, 0.75*20*20, 0.75*20*20, 20"2),ncol=2)

Sigmas = list (Sigma0, Sigma025, Sigma05,Sigma075)

set.seed (123)
sdcorCollect = array(NA, c(100000,2,4))
for(j in 1:4){
for(i in 1:100000) {
Data = mvrnorm(sesCollectn[j],c(100,100),Sigmas[[]j]1])
sdcorCollect([i,1,j] = sd(Datal,1])
sdcorCollect[i,2,]j] = sd(Datal,2])
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H}

round (cor (sdcorCollect([,1,1],sdcorCollect[,2,1]),2)
# 0
round (corsl12(10,0),2)

round (cor (sdcorCollect([,1,2],sdcorCollect[,2,2]1),2)
# 0.06
round (corsl2 (25,0.25),2)

round (cor (sdcorCollect[,1,3], sdcorCollect[,2,3]1),2)
# 0.25
round (corsl1l2(50,0.5),2)

round (cor (sdcorCollect([,1,4],sdcorCollect[,2,4]),2)
# 0.56
round (corsl2(100,0.75),2)

# We now look at the standard error of the difference in standard deviations
SEsdiff = function (sdl, sd2,n, rho) {
sqgrt ((1-2* (lambdan (n) *2) / (n-1)) * (sd1"2+sd2”2 - 2*corsl2 (n,rho) *sdl*sd2))
}
round (sd(sdcorCollect[,2,1]-sdcorCollect[,1,1]),2)
round (SEsdiff (20,20,10,0),2)

round (sd (sdcorCollect[,2,2]-sdcorCollect[,1,2]),2)
round (SEsdiff (20,20,25,0.25),2)

round (sd (sdcorCollect[,2,3]-sdcorCollect(,1,3]),2)
round (SEsdiff (20,20,50,0.5),2)

round (sd(sdcorCollect[,2,4]-sdcorCollect[,1,4]),2)
round (SEsdiff (20,20,100,0.75),2)
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